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A steady flow of a viscous incompressible fluid past a body of finite dimensions
and a sufficiently smooth boundary is studied at small Reynolds number 2A.
The asymptotic behavior of the velocity of flow is investigated at the distance

R« A1 from the body. It is proved that the velocity can be represented
in the form of a sum of the velocity in the linear Oseen approximation, which
is an analytic function of the Reynolds number, and of a section of the asymp-
totic series in terms of the Reynolds number, The coefficients of this section
are determined as solutions of certain boundary value problems in the Stokes
approximation, An explicit formula is obtained for the flow past a sphere,
which coincides with the known intemal expansion due to Proudman  and
Pearson,

1, A steady flow of a viscous incompressible fluid past a body £ is described
by a system of Navier—Stokes equations with the boundary conditions

u-Vu—I—gradpzz—i;hAu, divu=10 (L.1)

ufs=1up, lim u=u,=(1,0,0)

[X]—0

(S denotes the surface of the body ), We obtain the following boundary value
problem for the perturbation velocity v —u — uy, :

A\'——Zk%—Zhgradp=2)\,v'Vv, divv=0 (1.2)

V]sg=vy, lim v=20
fx|—o0
We know [1] that if the surface §  and function vy =u, — u,, both satisfy
certain conditions of smoothness, a solution of the boundary value problem in question
exists, for any value of the Reynolds number in the class of functions with the bounded
Dirichlet integral
{|Vupdx<c, D=R\B

D

In what follows, we shall use the following two Babenko's theorems [2],

Theorem 1,If § & C%3, § > 0, vy, & C? [S], then aReynolds number
Re, exists such that the solution of the boundary value problem (1, 1)isgiven by the
formulas ~

o

V(X A) = D EMN VO (x,A), p(x,A) = D CMFp®(x,n) (1.3)

k=0 k=0
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which converge when 2A << Re,.

If § and v, appear in the compact families, then inf Re, > 0 where
the lower edge is taken along these families,

Theorem 2, Let the conditions of Theorem 1 hold, Then a Reynolds num -
ber Re, (0 << Re, <C o0) exists such that for 2A << Re,  the solution of the
problem (1,1) with a bounded Dirichiet integral is unique,

The functions v® (x, A), p® (x, A) in(1.3)represent a solution of the
boundary value problem for a homogeneous system of Oseen equations (which is obtained
from the system (1,2) by discarding the nonlinear term 2Av-Vv) with inhomo-
geneous boundary conditions from (1,2), and v (x, A), p® (x, A) (k > 1) isthe
solution of the inhomogeneous Oseen system

3 k—1

avik) @Gy ovie-1-9) (1.4)
(k) — () — § §' O NAASS
Av 2h o, 2hgrad p Vi .

z;

i=1 j=0
divvi® =0

with homogeneous boundary conditions,
An expansion of the form (1, 3) was used earlier in [3] in the course of proving
the existence of solution of a streamlined flow at small Reynolds numbers in the class
of functions satisfying the condition v =0 (|x|™).
2, To obtain an asymptotic expression for the velocity at small Reynolds num-
bers, of the form
N

v, =3 0 (M) U™ (x) + 0 lans (M]

n=0

(2.1)

where {o, (A)} denotes an asymptotic sequence with A —> (), we must expand in
A the coefficients of v(¥ (x, A) in the first formula of (1.3). We cannot however
obtain expansions of the form (2. 1) for the whole region D ; we can only construct
separate expansions in the regions {x: [x | <€ A1} (D and {x:|x|>A""}
and in the intermediate region. An asymptotic formula for the velocity away from the
body valid for any value of the Reynolds number was obtained in [4,5].
According to the first formula of (1,3 ) we have

v (x, &) = VO (x, ) + 2AvD (x, A) + O (A?)

Let us expand in A the function

FS (0)
v (x,%):% G (x,y;M) v%’)(y, A) avyk (y, Mdy (2.2)
b

where G (x, y; A) is a Green's matrix, Here and henceforth we assume that repeated
indices indicate the summation from 1 to3, Assuming that

Gix,; A) =H(x, y; M)+ V& yM
where H (x, y; A) is the matrix of the fundamental solutions of the Oseen equations,
we shall seek the regular part of the Green's matrix V (x, y; A) in the form of the

potential of a double layer, Taking into account the fact that by replacing ue by
—u, we transform the system of Oseen equations into its conjugate, we can write
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(n is the unit vector of the exterior normai to the surface §)

Vi (%, Y3 by ) = Vs (y, X3 Ay — U0) =

(2.3)
S K (y, 2k, — ) @i (2, X} do; (1, =1,2,3)

JgH .
Ky = ( az” + Tk + 2;\‘6191'5“) n; +-AmH; — Hy,

As

V. o t—e
Hj == ‘SilA(D'—i}yiayl’ mﬂmm&—r‘mm
o
1 3 !
s={y—z|—pn+az, i”ﬁg(m)

where the potential was constructed using the method given by Babenko (*).
When A =0 , this construction yields an unique sclution of the integral equation
for the potential density

5 i (%,2) + \ Kim (2,8) @3 (%, §) dog = — Hyj (x,2) (2.4)
S

3, The integral (2, 2) can be represented in the form of a sum of the following
two integrals:

LN = B vl ) 5 () dy

D

LW = Vol (n ) 5

I

(y, M) dy

We know that v(® and 0v9/dy, are both analytic functions of A when
% = 0. This follows from the fact that if v is written inthe form of the potential
of a double layer,

VO (y) = (K (v,2: 1) ¥ () do, (3.1)

e 3

then we obtain a linear integral equation for the potential density {z) in which
the kemel and the right~hand side are analytic functions of A when A =0 and the
corresponding homogeneous equation has only a trivial solution, Similarly we prove
the analyticity of the function V (x, y; 4) at X =0 which will be used to de~-
termine the asymptotics of the integral I, (x, A).

Let us describe the domain of integration as a unification of the following re =~
gions: < 2a} N D (2a is the diameter of the body B),
Dy = {y:2a < |y| <A} and Dy ={y:|y|>A"}. Using theanalyti-
city of VvV and 9vi® /9y, we can show that

Jix, M) = S H(vO. Vv@) dy = J; (x,0) + O (A)

I

*) Babenko K, 1. Theory of perturbation of the stationary flows of a viscous incom -
Y Iy

pressible fluid atsmall Reynolds numbers, Preprint of the Inst, of Applied Mathematics,
AS 88SR, No, 79, 1975.
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Consider the integral
J, = S H(v®.Vv)dy, D,=D,[]) Ds (3.2)
Dy
We obtain its asymptotics by expanding the kernel K (¥, z; 4) in (3.1) into a series
in 2z and integrating with respect to z , thisyields

H
w0 (¥) = A3 (v) + AT + A G )+ A=20F0 G3)

where Fj© jsthe j- th coordinate of the force vector acting on the body B in
the Oseen approximation, Substituting the expansion (3.3) into (3.2), we obtain

Ja(x,A) = Ja(x, M) + Ly (x, M)
(W) = A4 § £ (= 3) B y) 5

Dy

L (x, M) =1;(x,0) 0 (M)

/) d

Let us represent the integral Jja in the form of a sum of two integrals j, and js
taken over the regions ), and Dj; respectively. Since

[y —X|>|y|—[x|>]|y|=MT>A=h)|y| ©O<r<Y)
we use the estimates of the fundamental solution uniform in
| Hig (x) | <CIx [ | VHG (%) [<C x [P s (x) 4117
to conclude that

1< { Iy Fels (v + 1120 dy <
D

[~ T

€\ o= dp\ [0 (1 — cos8) +- 11 sin 8.d0 < CA
0

At

where spherical coordinates are used in the last inequality.
Next we consider the integral j2. Using the expansions

Hm(x,?») Hk,(x 0)+7\.

oH . aHi~ i
613;1 (%, 4) = axk] (x, 0) + 2 Tazjk (#, 0) + AWy (x, A)

Vi (x, 1) =0 ([x]), ¥ijp(x,4) =0(1)

KL (x, 0) + MWy (x, )

we obtain

. oH .
o= Ayl \ s (x— y,0) iy, (3, 0 3,

Ly

0)dy + (3.4)

1 A4,
Bix In - + 0 (;\4), B'i =55 (81’!)2 (7611

We note that replacing in the first term of (3.4) the region of integration D,
by D, introduces an error O () ,andthe resulting integral will be independent of A.

61m + 17617%6(1 - 48611611‘0)
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Consequently

) oH .
Jor= 4,4, S iy x—vy, O) Hkl (y, 0) 6y]m (y, 0) dy +
k

1).

B ln + 0}
and we have

1

Iy (#,8) = I (£, 0) + BAIn o= + 0 () (3.5)
Let us write  Iy; (x, 0) in terms of the velocity of flow Vv , in the Stokes ap-
proximation, i,e, in terms of the solution of the system

AV —2hgradp =10, divv=19

with the boundary conditions from (1, 2), Using the formula given in the paper quoted
at the footnote of page 1092

a Avi®) (%) '
VO =V 0(), G = T Oy s (y) F Uy 3O
JE Sy

we can show that

s 245 . f
I (o, M) = B Hi; (x —y, 0) o )dey -0 (m mT)
D

and consequently (S)

lu(x,O):S iy (x—y, 0o 2 Ly (3.7)
D

4, Consider the integral
(0)
I, (x, M:S V(v x A — o) v 2 dy
3y
D
To find the asymptotics of this integral we use the example given in [2] in the
course of determining the force acting on a body, From the formulas (7) and (8) it
follows that V (y, x; A, — u.) is the linear operator L of the function —H (
X, %} Us) ifself regarded as a function of 2z, i,e.
Vy.zih, —us) =Ly, — H(x, 2, us, M] =
Lix; — H(y,z; — Ue, M)] = L [x; — H(z, ¥; Ux, M)]
From this it follows that
I (x, A) = % L[x; —H(z, y; ux, A)] (v@). Vv®) gy —
b

Lix;—1(z, M), Lz )) = S H (z, y; us, 1) (v . Vv dy

0

(4.1)

The integral I, (z, A) appearingin the above formula has the same asymptoticsas 1,,i. e,

. 0
Ioi (2, M:”‘S Hij (2, ¥i e, 0) 08 — dy+BMu~«+0(7»)

D
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Substituting this expression into (4,1), we obtain
1 .
Loy (3, ) = 17 (x) + g” () M n—— -+ O () (4.2)

where £, (x) and gi® (x) are solutions of the boundary value problems for the
system of Oseen equations with boundary conditions
. vl
P hes = —\ Hi(x—y, 0f(y) 51— (v dy, lim /¥(x) =0
Y

H [X]—ec

8" (Vhes = — By lim £ (x) =0
X[
Taking into account the first formula of (3.6) we can replace in (4.2), the solutions
fi(x) and g (x) of the Oseen boundary value problems by the corresponding
solutions f;® (x) and g;® (x) of the boundary value problems for the Stokes
equations, Combining the formulas (3.5) and (4, 2) in this manner, we obtain

V) (x, ) = W5 (%) + W () M-+ 0 () (4.3)

where W’ (x) denotes the solution of the inhomogeneous system of Stokes equations

< (5)
Av — 2\ grad p = vf’ Chid ,

dx,.
with boundary conditions V (X) xes = 0, liMye v (x) = 0, and W, (x) is
a solution of the homogeneous system of Stokes equations with boundary conditions

divv =20 (4-4)

wﬁs)(x) lkes =0, lim w(f)(x) =B (4.5)
|N|—o00
Substituting (4, 3 ) into the first formula of (1,3 ), we arrive at the following theorem .
Theorem 3, If the surface S of the body B has a curvature satisfying
the Holder condition and the function u, (x) is twice continuously differentiable, then
for | x| << A™! and sufficiently small } the solution of the boundary problem (1, 1)
is represented by the asymptotic formula
S ¢ 1
w(x, M) = u” (x, M) + 20 (x) + 22 In—wf (x) + O (M%) (4.6)
(i=1,2,9
where u;® (x, A} is the solution of the boundary value problem for the system of Oseen
equations with boundary conditions from (1,1),
6. A flow of viscous fluid past a sphere was solved by Proudman and Pearson in
[6] using the method of matched asymptotic expansions, Applying the formula (4,6)to
this problem, we obtain an internal expansion of the Proudman and Pearson solution,
Thus the above internal expansion acquires a vigorous proof within the specified range

of values of the Reynolds number,
In conclusion, the author expresseshis deep appreciation to K, 1, Babenko for valuable advice,
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